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Abstract
We present a simultaneous calculation of heavy single-Λ hypernuclei and compact stars containing
hypernuclear core within a relativistic density functional theory based on a Lagrangian which
includes the hyperon octet and lightest isoscalar-isovector mesons which couple to baryons with
density-dependent couplings. The corresponding density functional allows for SU(6) symmetry
breaking and mixing in the isoscalar sector, whereby the departures in the σ-Λ and σ-Σ couplings
away from their values implied by the SU(3) symmetric model are used to adjust the theory to the
laboratory and astronomical data. We fix σ-Λ coupling using the data on the single-Λ hypernuclei
and derive an upper bound on the σ-Σ from the requirement that the lower bound on the maximum
mass of a compact star is 2M⊙.
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1. Introduction
The current and upcoming experimental studies of the properties of Λ-hypernuclei in labora-
tory, such as HKS experiment at JLab in the US, J-PARC experiment in Japan, PANDA experiment
at FAIR in Germany, the ALICE experiment at CERN, will greatly advance our understanding of
the strange sector of the nuclear forces and properties of hypernuclei. Astronomical motivation to
study hypernuclear stars resurged after the recent observations of two-solar-mass pulsars in binary
orbits with white dwarfs [1, 2]. Hyperons become energetically favorable once the Fermi energy
of neutrons exceeds their rest mass. The onset of hyperons reduces the degeneracy pressure of a
cold thermodynamic ensemble, therefore, the equation of state (EoS) becomes softer than in the
absence of the hyperons. As a result the maximum possible mass of a compact star decreases to
values which contradict the observations. This contradiction is known as “hyperonization puzzle”.
What can be said about the effective amount of attraction of hypernuclear forces? The experi-
mental observations of bound Λ-hypernuclei imply that the interaction must be attractive enough
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to bind a Λ particle to a medium and heavy mass nucleus. At the same time the existence of two-
solar-mass pulsars requires sufficient repulsion (at least at high densities) to guarantee the stability
of hypernuclear compact stars, if such exist. Therefore, the combined laboratory and astronom-
ical data limit from above and below the attraction among hyperons in nuclear medium in any
particular model.
In this work we use a relativistic density functional theory (DFT) of hypernuclear matter to ex-
tract these bounds. Density functional theory is a very successful theoretical tool to study complex
many-body systems in various fields including strongly correlated electronic systems, quantum
chemistry, atomic and molecular systems, classical liquids, magnetic materials, etc. [3]. In particu-
lar, relativistic covariant DFTs have been applied to study bulk hypernuclear systems and compact
stars both in the past (see, for example, [4, 5] for an account of the early work) and in recent years,
notably to address the “hyperonization puzzle” [6–14]. Glendenning and Moszkowski [15] were
the first to recognize the importance of reconciliation of neutron-star masses and binding energies
of the Λ-hypernuclei. Since the recent discoveries of heavy compact stars the astronomical con-
straints have become much tighter. The quality of relativistic density functionals have considerably
improved in the last decade due to better constraints from the phenomenology of nuclei [16]. Here
we use an extension of nuclear density functional with a density-dependent parameterization of
the couplings [16], which was extended to the hypernuclear sector in Ref. [17] within the SU(3)
symmetric model. The focus of that work was on the sensitivity of the EoS of hypernuclear matter
to the unknown hyperon–scalar-meson couplings. Within this framework, it was argued that the
parameters can be tuned such that two-solar mass hyperonic compact stars emerge (which is not
possible within the standard SU(3) parameterization).
Here we test this model by carrying out calculations of a number of hypernuclei and by pro-
viding a combined constraint on the parameters of the underlying DFT by invoking both the astro-
nomical and laboratory data on hypernuclear systems. We show that the coupling of σ-meson to
the Λ-hyperon can be optimized to fit the data on hypernuclei, thus narrowing down the parameter
space. We then constrain the parameter space of the remaining σ−Σ coupling using some general
inequalities as well as the astronomical observations of 2M⊙ pulsars.
2. Density functional theory of hypernuclear matter
The relativistic Lagrangian density of our model reads
L =
∑
B
¯ψB
[
γµ
(
i∂µ − gωBωµ −
1
2
gρBτ · ρµ
)
− (mB − gσBσ)
]
ψB
+
1
2
∂µσ∂µσ −
m2σ
2
σ2 −
1
4
ωµνωµν +
m2ω
2
ωµωµ −
1
4
ρ
µν
ρµν
+
m2ρ
2
ρ
µ · ρµ +
∑
λ
¯ψλ(iγµ∂µ − mλ)ψλ, (1)
where the B-sum is over the JP = 12
+ baryon octet, ψB are the baryonic Dirac fields with masses mB.
The meson fields σ,ωµ and ρµ mediate the interaction among baryon fields, ωµν and ρµν represent
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the field strength tensors of vector mesons and mσ, mω, and mρ are their masses. The baryon-
meson coupling constants are denoted by gmB. The last line of Eq. (1) stands for the contribution
of the free leptons, where the λ-sum runs over the leptons e−, µ−, νe and νµ with masses mλ. The
density dependence of the couplings implicitly takes into account many-body correlations among
nucleons which are beyond the mean-field approximation. The nucleon-meson coupling constants
are parametrized as giN(ρB) = giN(ρ0)hi(x), for i = σ,ω, and gρN(ρB) = gρN(ρ0) exp[−aρ(x − 1)]
for the ρµ-meson, where ρB is the baryon density, ρ0 is the saturation density, x = ρB/ρ0 and the
explicit form of the functions hi(x) and the values of couplings can be found elsewhere [16, 17].
This density functional is consistent with the following parameters of nuclear systems: saturation
density ρ0 = 0.152 fm−3, binding energy per nucleon E/A = −16.14 MeV, incompressibility
K0 = 250.90 MeV, symmetry energy J = 32.30 MeV, symmetry energy slope L = 51.24 MeV, and
symmetry incompressibility Ksym = −87.19 MeV all taken at saturation density [18]. These values
of parameters are in an excellent agreement with the nuclear phenomenology [19]. The third order
derivatives of the energy and symmetry energy with respect to density taken at saturation have the
following values Q0 = 478.30 and Qsym = 777.10 MeV.
The pressure and energy density of the model is further supplemented by the contribution com-
ing from the so-called rearrangement self-energy [20, 21], which guarantees the thermodynamical
consistency. The hyperon–meson couplings are fixed according to the SU(3)-flavor symmetric
octet model. Due to the universal coupling of the ρµ meson to the isospin current and the ideal
mixing between the ω and φ mesons [22], the couplings between hyperons and vector mesons are
as follows:
xρΞ = 1, xρΣ = 2, xωΞ =
1
3 , xωΣ = xωΛ =
2
3 , xρΛ = 0. (2)
where xρΞ = gρΞ/gρN, xρΣ = gρΣ/gρN , etc.
Within the octet model the baryon–scalar-mesons couplings of the scalar octet can be expressed
in terms of only two parameters, the nucleon–a0-meson coupling constant gS and the F/(F + D)
ratio of the scalar octet [23]. Allowing for mixing of the scalar singlet state, the couplings of the
baryons with the σ-meson obey the following relation [17]: 2(gσN+gσΞ) = 3gσΛ+gσΣ. We assume
that the hyperon coupling constants must be positive and less than the nucleon coupling constants.
Solving this equation for one of the dependent hyperon–σ-meson coupling constant, say gσΞ, one
finds
1 ≤ 1
2
(3xσΛ + xσΣ) ≤ 2. (3)
These inequalities define a bound on the area spanned by the coupling constants xσΛ and xσΣ,
which we will constrain further in the following.
3. Finite nuclei
We now apply the same density functional, which is derived from the Lagrangian (1) to finite
Λ-nuclei. For alternative applications of relativistic density functionals to finite Λ-hypernuclei
see, for example, Refs. [24–26] and references therein. The Hamiltonian for protons, neutrons,
and Λ-hyperons is the sum of the nuclear Hartree-Fock (HF) part and the Coulomb contribution
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which acts only among the charged particles (here protons)
HHF,B = HRMF,B + HCoulδBp, (4)
where HRMF,B is the mean-field Hamiltonian corresponding to the density functional discussed
above and HCoul denotes the Coulomb contribution. Note that the Hamiltonian is local. It is
defined in terms of the single-particle densities resulting from the eigenstates of HHF,B, which
implies that they have to be determined in a self-consistent way. The HF Hamiltonian is expressed
in terms of the matrix elements between the basis states 〈α|HHF,B|β〉 of an appropriate basis. The
HF single-particle states |Ψn〉 are defined in terms of the expansion coefficients in this basis
|Ψn〉 =
∑
α
|α〉〈α|Ψn〉 =
∑
α
cnα|α〉 . (5)
If the HF variational procedure is constrained to a spherical description of hypernuclei, an ap-
propriate basis system is formed by spherical plane wave basis [27, 28], where a baryon is freely
moving in a spherical cavity with a radius R. Since the HF Hamiltonian is already diagonal in
the angular momentum quantum numbers j, l, and m, it only needs to be diagonalized in the ra-
dial quantum number. The radial part of the wave function is then expanded in terms of spherical
Bessel functions. The radius R is chosen to be large enough to guarantee that the results for the
bound single-particle states are insensitive to the changes in the value of R. Furthermore, we
choose the number of basis states high enough to guarantee that the results are not affected by the
truncation. The eigenvalues, i.e. the single-particle energies, and eigenvectors, i.e. the expansion
coefficients, are then determined by matrix diagonalizations of the Hamiltonians for the protons,
neutrons, and Λ-hyperons.
The total energy of a Λ-hypernucleus Etot can then be obtained from the expression,
Etot =
1
2
∑
α,B
ηBα(tBα + εBα) + Erear + Ecm, (6)
where εBα is the single-particle energy of the B-baryon, tBα is its kinetic energy, and ηBα is its oc-
cupation factor. Because the couplings of our model are density-dependent we need to include
the rearrangement contribution Erear to insure the consistency of the model. Finally, the center of
mass correction is given by Ecm = −(1/2M)〈P2cm〉, with
〈P2cm〉 =
∑
α
ηα〈α|p2α|α〉 −
∑
αβ
(ηαηβ + ζαζβ) 〈β|pα|α〉 · 〈α|pβ|β〉, (7)
where ζα is the anomalous occupation factor. To explore the sensitivity of the results on the
coupling of Λ-hyperon to mesons we consider three sets of parameters: model a with xσΛ = 0.52,
model b with xσΛ = 0.59, and model c with xσΛ = 0.66; all three models have xωΛ = 2/3 and
xρΛ = 0. The HF calculations were carried out in a spherical box with a radius of R = 15 fm using
the spherical plane wave basis for the Λ-hypernuclei 17
Λ
O, 41
Λ
Ca, and 49
Λ
Ca. The results of these
calculations are presented in Table 1, where we list the single-particle energy of the Λ 1s1/2 state,
the binding energy of the nucleus and the rms radii rB for neutrons, protons and the Λ-hyperon.
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Λ 1s1/2 state E/A rp rn rΛ
[MeV] [MeV] [fm] [fm] [fm]
17
Λ
O
a 0.846 −7.443 2.609 2.579 8.313
b −4.564 −7.760 2.606 2.576 3.203
c −27.279 −9.035 2.563 2.534 1.977
41
Λ
C
a 0.934 −8.336 3.372 3.319 8.710
b −8.519 −8.565 3.370 3.317 3.168
c −35.224 −9.199 3.347 3.294 2.298
49
Λ
C
a 0.973 −8.442 3.389 3.576 8.825
b −9.882 −8.662 3.387 3.571 3.140
c −37.257 −9.207 3.365 3.548 2.419
Table 1: Properties ofΛ-hypernuclei 17
Λ
O, 41
Λ
C, and 49
Λ
C for the models a, b, and c. The columns list the single-particle
energy of the Λ 1s1/2 state, the binding energy and the rms radii for neutrons, protons and Λ-hyperon.
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Figure 1: (Color online.) Proton (dashed), neutron (dashed-dotted), andΛ (dashed-double dotted) density distributions
in 49
Λ
C for the models b (left panel) and c (right panel).
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EMass[Λ 1s1/2] E[Λ 1s1/2] E/A rp rn rΛ
[MeV] [MeV] [MeV] [fm] [fm] [fm]
17
Λ
O −12.109 −11.716 −8.168 2.592 2.562 2.458
16O − − −8.001 2.609 2.579 −
41
Λ
C −17.930 −17.821 −8.788 3.362 3.309 2.652
40Ca − − −8.573 3.372 3.320 −
49
Λ
Ca −19.215 −19.618 −8.858 3.379 3.562 2.715
48Ca − − −8.641 3.389 3.576 −
Table 2: Single-particle energies of the Λ 1s1/2 states, binding energies, and rms radii of the Λ-hyperon, neutron,
and proton of 17
Λ
O, 41
Λ
C, and 49
Λ
Ca are presented for optimal model. In addition, single-particle energies of the Λ 1s1/2
states, i.e. separation energies of the Λ-particle, obtained from the mass formula of Ref. [29] are given for these
Λ-hypernuclei. Furthermore, the properties of 16O, 40Ca, and 48Ca are given for the optimal model.
Model a with the smallest value of the Λ-σ coupling predicts a positive single-particle energy for
the Λ 1s1/2 state of these nuclei, which means that the Λ-hyperon is not bound. The fact that one
does not have a hypernucleus is also reflected in the unusually large value of rΛ. The other two
models with larger values of the Λ-σ coupling predict negative single-particle energies of the Λ
1s1/2 state. It is seen from Table 1 that a larger value of the Λ-σ coupling yields a larger binding
energy and a smaller rΛ.
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Figure 2: (Color online.) Zero temperature equations of state of hypernuclear matter for fixed xσΛ = 0.6164 and a
range of values 0.15 ≤ xσΣ ≤ 0.65. These values generate the shaded area, which is bound from below by the softest
EoS (dashed red line) corresponding to xσΣ = 0.65 and from above by the hardest EoS (solid line) corresponding to
xσΣ = 0.15.
In Fig. 1 we show the proton, neutron, and Λ density distributions in 49
Λ
Ca. Since model a with
its smallest value of the Λ-σ coupling clearly contradicts experimental data, only models b and c
are considered. The model c which has the largest value of the Λ-σ coupling predicts the highest
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central Λ density for 49
Λ
Ca. Also the neutron and proton density distributions are to some extent
affected by the large value of the Λ-σ coupling.
Table 1 shows clearly that the single-particle energy of the Λ 1s1/2 state is very sensitive to the
value of the Λ-σ coupling. The experimental data on properties of a number of Λ-hypernuclei,
such as the single-particle energy of the Λ 1s1/2 state, has been used to construct a mass for-
mula [29], which extends the familiar Bethe-Weizsäcker mass formula to include in addition to
the non-strange nuclei the Λ-hypernuclei. A comparison with the predictions of this mass formula
shows that theΛ 1s1/2 states in the model b are too weakly bound, whereas those in the model c are
too strongly bound. Therefore, we proceed further to fine-tune the xσΛ coupling in order to fit the
values of the single-particle energies, i.e. separation energies of the Λ particle, obtained from the
mass formula of Ref. [29]. The optimal model obtained in this way has xσΛ = 0.6164. Within this
optimal model we have recomputed the properties of 17
Λ
O, 41
Λ
Ca, and 49
Λ
Ca. The results are given in
Table 2, where we observe that the rms radius of the Λ in the 1s1/2 state increases with increasing
mass number, which is in agreement with other theoretical models [24–26].
In Table 2, the properties of 16O, 40Ca, and 48Ca are also given to investigate the effects of the
Λ hyperon on the nucleons. The binding energies of 17
Λ
O, 41
Λ
Ca, and 49
Λ
Ca are larger than those
of 16O, 40Ca, and 48Ca, respectively. This can be explained by the fact that the nucleon single-
particle states are slightly deeper due to the presence of the Λ-hyperon. In addition, the rms radii
of the nucleons are slightly smaller (by about 0.01 to 0.02 fm) in the Λ-hypernuclei. However, the
addition of the Λ-hyperon to 16O and 40Ca does not change the differences between neutron and
proton radii (neutron skin). The values of neutron skin in these nuclei are rn − rp = −0.030 and
−0.052 fm, respectively. Only in the case of 48Ca we observe a small change: the neutron skin
changes from 0.187 fm in 48Ca to 0.184 fm in 49
Λ
Ca.
4. Compact stars
The recent observations of two-solar-mass pulsars in binary orbits with white dwarfs [1, 2]
place an observational lower bound on the maximum mass of any sequence of compact stars
based on the unique equation of state (hereafter EoS) of dense matter. Massive compact stars
may demand substantial population of heavy baryons (hyperons). In Ref. [17] both parameters
xσΛ and xσΛ were varied around the Nijmegen Soft Core (NSC) potential value xσΛ = 0.58 and
xσΣ = 0.448 [30] in a range that is consistent with Eq. (3). In this section we revisit this problem
using additional insight gained from the studies of the Λ-hypernuclei above. Specifically, we use
the optimal model from previous section to fix the value xσΛ = 0.6164. Then, we are left with the
coupling gσΣ which is allowed to vary in the limits provided by Eq. (3).
The dependence of the EoS on the variation of the Σ-σ coupling at T = 0 at fixed value of Λ-σ
is shown in Fig. 2. The stiffest EoS is obtained for the smallest value of xσΣ = 0.15. The EoS band
generated by the values of 0.15 ≤ xσΣ ≤ 0.65 is bounded from below by EoS which, as we shall
see, is incompatible with the lower bound on the maximum mass of a compact star. Therefore,
the parameter space included in this figure can be narrowed down further by exploring the masses
of corresponding configurations. Fig. 3 shows the gravitational masses (in solar units) vs radii
for our sequences of stars. First, we see that large enough masses can be obtained within the
parameter range covered. However, for large enough xσΣ the maximum masses of the sequences
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Figure 3: The mass–radius relations for compact hypernuclear stars at zero temperature. We fix xσΛ = 0.6164
and assign values to xσΣ from the range 0.15 ≤ xσΣ ≤ 0.65 as indicated in the plot. The horizontal line shows the
observational lower limit on the maximum mass 2.01(±0.04)M⊙ [2].
0 1 2 3 4 5
x
σΣ
0
0,5
1
1,5
2
x
σ
Λ
0,2 0,4 0,6
0,5
0,55
0,6
0,65
NSC
17O, 41Ca, 49CaΛΛΛ
Figure 4: (Color online.) The parameter space spanned by xσΛ and xσΣ, where the inset enlarges the physically
relevant area. The shaded (blue online) area corresponds to the inequality (3). The dot corresponds to the values
xσΛ = 0.58 and xσΣ = 0.448 derived from the Nijmegen Soft Core (NSC) potential. The dashed (red online) line
shows the best fit value of xσΛ = 0.6164 derived from hypernuclei. The square in the inset shows the limiting value
of xσΣ = 0.45 for fixed xσΛ = 0.6164 beyond which no stars with 2M⊙ exist.
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drop below the observational value 2M⊙, specifically for xσΛ = 0.6164 this occurs for xσΣ ≥ 0.45.
The predicted radii of massive hypernuclear stars are in the range of 13 km and are typically larger
than the radii of their purely nucleonic counterparts.
Fig. 4 shows the parameter space covered by the coupling constants xσΣ and xσΛ. The shaded
(blue online) area is the parameter space consistent with Eq. (3). The dot corresponds to the
values of these parameters predicted by the Nijmegen Soft Core (NSC) potential. The dashed (red
online) line shows the optimal value of xσΛ implied by the hypernuclear data. The solid vertical
and horizontal lines show the parameter space explored in Ref. [17]. Finally, the square in the
inset shows the maximal value of xσΣ ≃ 0.45 (at fixed xσΛ) which is still consistent with the 2M⊙
maximum value of a configuration. Thus, we conclude that the optimal values of the parameters
correspond to
xσΛ = 0.6164, 0.15 ≤ xσΣ ≤ 0.45. (8)
The first value is set by the study of (heavy) hypernuclei, the upper limit of the second value is set
by the 2M⊙ constraint, whereas the lower limit is set by the requirement of the consistency with
inequality (3).
5. Conclusions
In this work we used a relativistic density functional theory of hypernuclear matter to extract
bounds on the density-dependent couplings of a hypernuclear DFT. To do so, we used simulta-
neous fits to the medium-heavy Λ-hypernuclei and the requirement that the maximum mass of a
hyperonic compact star is at least two-solar masses. This allowed us to narrow down significantly
the parameter space of couplings of DFT - the range of optimal values of parameters is given in
Eq. (8). Although our work was carried out within a specific parameterization of the hypernuclear
density functional, it provides a proof-of-principle of the method for constraining any theoretical
framework that describes hypernuclear systems using current laboratory and astrophysical data.
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